We study the Galois symbol map of the Milnor K-group attached to elliptic curves over a p-adic field. As by-products, we determine the structure of the Chow group for the product of elliptic curves over a p-adic field under some assumptions.
Introduction
K. Kato and M. Somekawa introduced in [12] the Milnor type K-group K(k; G 1 , . . . , G q ) attached to semi-abelian varieties G 1 , . . . , G q over a field k which is now called the Somekawa K-group. The group is defined by the quotient 
where k ′ runs through all finite extensions over k and R is the subgroup which produces "the projection formula" and "the Weil reciprocity law" as in the Milnor K-theory (Def. He also presented a conjecture in which the map h is injective for arbitrary field k. For the case G 1 = · · · = G q = G m , the conjecture holds by the Milnor-Bloch-Kato conjecture, now is a theorem of Voevodsky, Rost, and Weibel ([16] ). However, it is also known that the above conjecture does not hold in general (see Conj. 2.4 and its remarks below for the other known results).
The aim of this note is to show this conjecture for elliptic curves over a local field under some assumptions. 
Assume that E 1 is not a supersingular elliptic curve. Then, for q ≥ 3,
Assume that E 1 is not supersingular. Then, the Galois symbol map
is injective.
The theorem above is known when E i 's have semi-ordinary reduction (= good ordinary or multiplicative reduction) ( [17] , [9] , see also [8] ). Hence our main interest is in supersingular elliptic curves.
In our previous paper [3] , we investigate the image of the Galois symbol map h 2 . As byproducts, we obtain the structure of the Chow group CH 0 (E 1 × E 2 ) of 0-cycles. By Corollary 2.4.1 in [9] , we have
0 is the kernel of the degree map CH 0 (E 1 × E 2 ) → Z. Mattuck's theorem [6] 
For a field extension K 2 /K 1 , the pull-back is the canonical map given by j :
. When the extension K 2 /K 1 is finite, the pushforward is written as j
where R is the subgroup generated by the elements of the following form: (WR) Let k(C) be the function field of a projective smooth curve C over k.
Here C 0 is the set of closed points in C,
For an isogeny φ : G → H of semi-abelian varieties, the exact sequence 0
of Galois modules gives an injection of Mackey functors
where H/φ := Coker(φ) (in the category of Mackey functors) and
, the cup products and the norm map (=the corestriction) on the Galois cohomology groups give
For any positive integer m prime to the characteristic of k, we consider an isogeny m :
induced from the multiplication by m. The Galois symbol map
, Prop. 1.5) and the induced homomorphism
is called the Galois symbol map. The surjectivity of the Galois symbol map does not hold in general (For example, see (4) in Sect. 4). The above conjecture is studied in the following special semi-abelian varieties:
The conjecture and more strongly the bijection of the Galois symbol map are known for the multiplicative groups 
Higher unit groups
Let k be a finite field extension of Q p assuming p 2. We denote by v k the normalized valuation, 
The structure of the graded pieces of this filtration is known as follows.
We define a sub Mackey functor 
otherwise.
For each positive integers m and n, now we define a map h m,n by the composition
Here, the latter h 2 is the Galois symbol map on G m /p M ⊗ G m /p and is bijective (Lem. 3.2). We also denote by 
(ii) For any positive integer m, the map h 0,m induces an isomorphism
The rest of this section is devoted to show this lemma. For any finite extension K/k, the cup product ∪ : 
The order of the image in H 2 (K, µ 
From the lemma above, the image of the product does not depend on an extension K/k, hence we obtain the images as required in Lemma 3.3.
Lemma 3.5. For any symbol
Proof. The symbol map is written by the Hilbert symbol h 0,m ({a, b} K/K ) = (a, b) p as in (3) and thus a is in the image of the norm
by the condition (PF) in the definition of the Mackey product (Def. 2.2).
Proof of Lem. 3.3. (iii) For any symbol
. By the projection formula (PF),
The assertion (i) is proved by similar arguments as in (ii) below.
(ii) For m ≥ pe 0 , the assertion follows from Lemma 3.4 and Lemma 3.5. Assume m < pe 0 . For any finite extension K/k with ramification index e, we denote by S (K) the subgroup of
We also denote by T (K) ⊂ S (K) the subgroup generated by {a, b} K/K with a ∈ U pe 0 (K)−n K . Fix a uniformizer π of K and let 
The map φ is non-zero, since its image by h 0,m generates
, Cor. A.12, see also [1] ). Define the group homomorphism σ :
. From the equality (cf. [1] , Lem. 5.1)
By Lemma 3.5, the map φ factors through F K /σ(F K ). On the other hand, the map σ is extended to σ :
By the same manner with the following commutative diagram,
the map h 0,m is injective on S (K) and thus S (K) ≃ Z/p.
Next, we show S
. Take a symbol {a, b} L/K 0 and prove that it is in
The case p | e L/K . There exists a finite extension M/L of degree prime to p and an intermediate field M 1 of M/K such that M/M 1 is a cyclic and totally ramified extension of degree p.
then the upper ramification subgroups of G := Gal(Σ/M 1 ) ( [11] , Chap. IV) is known to be 
From the induction hypothesis, the symbol {a, b} L/K is in S (K). Therefore, we obtain
is an isomorphism and the assertion follows. 
We recall the following results on the image of the Kummer map
) for an elliptic curve E over k. ([5] , see also [14] 
as noted in the last section. In terms of this filtration, the image of h
⊕2 is written precisely as follows (cf. [14] ):
Here the invariant t 0 := t 0 (E) is defined by
where E is the formal group associated to E. Note also the invariant t 0 satisfies 0 < t 0 < e 0 and is calculated from the theory of the canonical subgroup of Katz-Lubin (cf. [3] , Thm. 3.5). are injective. However, the latter two are trivial by Lemma 3.3 (iii). The rest of the assertions follow from Lemma 3.3 (ii).
Proof of

